Abstract. We comment on a challenge raised by Newson more than a century ago and present an expression for the volume of the convex hull of a convex closed space curve with four vertex points.
Introduction
In 1899 H.B. Newson published an exposition concerning the volume of a polyhedron with n faces [9] . In the afterword he called on the readers of the paper to find a formula for the volume of a closed surface, in analogy to the formula for the area of a closed planar curve, c,
Often the well known Equation (1) is explained on the basis of Green's formula. Newson derived the area formula based on the limiting case of a many-sided polygon, and then hinted that a similar approach might provide insight into the volume of a closed surface. Perhaps he had in mind something like the divergence theorem. Here, we will follow a different path, namely one of integrating along closed space curves. First we restate the area derivation of Newson in a slightly disguised form.
For a closed, and simple curve, α ∈ R 3 , that is constricted to a 2-plane containing the origin, we can write the area of the enclosed domain Ω, α = ∂Ω, as
where r(s) is a unit speed parameterization for α. This result can be obtained by taking the limiting case of an n-polygon with vertices all constricted to the same 2-plane in R 3 . With vertices at {r i }, i ∈ {1, . . . , n}, the area A P becomes,
In the following we outline how a generalization of Equation (2) 
Proof of the theorem
A space curve is by definition convex if every point is an extreme point. Then the convex hull of a convex space curve consists of two developable sheets that meet at a seam curve (the given space curve). We refer to [2, 6, 7, 8] for details.
Proof. We investigate cases where one can parameterize the hull, Conv(γ), with
This parameterization utilizes the 4 vertex requirement, which secures that all points of Conv(γ) can be written as a convex sum of just two extreme points. If γ has precisely four points of zero torsion and no points of zero curvature then γ has no tri-tangential supporting planes and the convex hull of γ has no polygonal domains. This result follows straightforwardly from generalized versions of the four-vertex theorem [11, Corollary 1]: V + 2K + 2d ≥ 4 + P where V is the number of vertex points (with zero torsion), K is the number of zero curvature points, d the number of external segments, and P the number of support polygons. Note, that d = 0 when the curve lies on its convex hull [4] . If the boundary of the convex hull contained a planar triangle spanned by the vertices V 1 ,V 3 and V 5 , then the point (V 1 + V 3 + V 5 )/3 cannot be described by the assumed parametrization of the hull. For more details on tri-tangential planes, see ref. [4, 3, 1, 10] . Now we resume to the volume formula. First we observe that
so that the Jacobian determinant needed for the volume element becomes:
Let m be the number of times a point of the internal hull is encountered by the chosen parameterization. Then
where the factor 1/6 comes from integrating over the parameter u. Thus, in the spirit of polygonal discretisation, we are summing volumes of tetrahedra where two of the edges are infinitesimal. The connection to the challenge by Newson can be seen by investigating the case where the curve γ is approximated by smaller and smaller straight line segments. It forms a limiting case where γ is akin to a non-flat n-sided polygon. Two neighboring polygonal vertices {r i , r i+1 } forms a straight segment. With a double sum we can combine a straight segment from the first sum with a segment from the second sum, i.e. the four points {r i , r i+1 , r j , r j+1 }, which span an elongated tetrahedron, henceforth denoted by T i,j . It has the signed volume:
Increasing, or decreasing, one of the two indices {i, j} by a single step, one generates an adjacent tetrahedron, e.g. T i+1,j , which shares a planar triangle with T i,j . A pertinent question is then, are the interior of the two tetrahedra disjoint or not? In other words, are they in different halfspaces, or in the same halfspace, defined by the plane containing the shared triangle? If (10) sign(V i,j ) = sign(V i+1,j ) , then the interior of the two tetrahedra are disjoint, and the tetrahedra are sharing only the common planar triangle. However, if
then the shared triangle is on the boundary of the convex hull and the two tetrahedra are in the same halfspace. Therefore their volumes are not disjoint.
In general, a tetrahedron T i,j will fill some interior part of the hull that has contact with the boundary of the hull at the four coordinates {r i , r i+1 , r j , r j+1 }. Will all of the tiny tetrahedra together fill the convex hull? Yes, T i,j has four triangular faces of which each is shared with one of the following tetrahedra {T i+1,j , T i−1,j , T i,j+1 , T i,j−1 }. In other words, no tetrahedron T k,l will have a triangular face that are not met by a neighboring tetrahedron except for those on the boundary of the hull.
Upon increasing index j while keeping index i fixed, a face of the tetrahedron will reach the boundary of the hull. This occurs once at each of the two developable boundary sheets of the hull, thereby contributing a factor of two to m. An additional factor of two comes from from considering the index i, i.e. from interchanging i and j. Hence, we are left with m = 4.
Applications to D-forms
About a decade ago, the artist Tony Wills developed work on so-called D-forms, i.e. compact domains bounded by two developable sheets that are seamed together along their respective boundary curves [12] . For an introduction to D-forms, see also ref. [13] . We define a D-form as follows: Proof. Since the two sheets are developable all the extreme points must be on their boundary, i.e. points of the seam curve γ. Further, γ must be a closed space curve and every point of γ an extreme point. The latter follows from the definition of a D-form, as it requires exactly two developable sheets. [5] .
Observation 3.2. A D-form is the convex hull of its seam curve.
Proof. It follows from the uniqueness of the convex hull and from the fact that the seam curve consists of the extreme points.
In general the D-forms defined by Definition 3.1 can have boundary areas that are not just intrinsically flat but also extrinsically planar, e.g. planar triangles. A more demanding requirement is to limit the D-forms considered to those without any planar triangles (or other polygons) on the surface of the developable sheets. The volume of such a simple D-form is then given by Theorem 1.
Conclusion
A surprisingly simple formula for the volume of convex hulls of certain closed space curves is obtained. It involves a simple idea of using a Jacobian determinant for a choice of parameterization of the convex hull that is not one-to-one. The main observation is that the chosen parameterization covers all internal points of the hull exactly four times. Changes in orientation are handled by taking the absolute value of the volume element. The requirement that the internal points of the hull are covered an equal number of times by the parameterization is what limits the validity of the formula to closed space curves with only 4 vertex points.
The artistic expressions of D-forms by T. Wills call for a revisit to the study of convex hulls of closed space curves. John Sharp argues in his booklet that D-forms are beautiful objects [14] . Could it be because the human eye recognizes them as minimal convex sets? To try and answer this question goes beyond the scope of the current work, although it could form the basis for an interesting enquiry. 
